We study the entropy of chiral 2+1-dimensional topological phases, where there are both gapped bulk excitations and gapless edge modes. We show how the entanglement entropy of both types of excitations can be encoded in a single partition function. This partition function is holographic because it can be expressed entirely in terms of the conformal field theory describing the edge modes. We give a general expression for the holographic partition function, and discuss several examples in depth, including abelian and non-abelian fractional quantum Hall states, and p + i p superconductors. We extend these results to include a point contact allowing tunneling between two points on the edge, which causes thermodynamic entropy associated with the point contact to be lost with decreasing temperature. Such a perturbation effectively breaks the system in two, and we can identify the thermodynamic entropy loss with the loss of the edge entanglement entropy. From these results, we obtain a simple interpretation of the non-integer 'ground state degeneracy' which is obtained in 1+1-dimensional quantum impurity problems: its logarithm is a 2+1-dimensional topological entanglement entropy.
INTRODUCTION
Entanglement is one of the characteristic peculiar features of quantum mechanics. It lay at the heart of the debates between Bohr and Einstein, Podolski, and Rosen, and it is essential for the Bell's inequality violation which distinguishes quantum mechanics from classical hidden variables theories. Entanglement between logical qubits is a resource for quantum computation; entanglement between physical qubits and the environment is a threat to quantum computation; entanglement between physical qubits is essential for error correction.
Entanglement entropy is one measure of entanglement. If a system can be subdivided into two subsystems A and B, then even if the whole system is in a pure quantum state | , subsystem A will be in a mixed state with density matrix ρ obtained by tracing out the subsystem B degrees of freedom:
The entropy of this density matrix will be zero if the state | is the direct product of a pure state for subsystem A with a pure state for subsystem B or, equivalently, if the matrix ρ A has only a single non-zero eigenvalue. If the entropy
is non-zero, then the subsystems A and B are entangled. The entanglement entropy S A is a measure of the correlations between the degrees of freedom of the A and B subsystems. In a 1+1-dimensional quantum system, the dependence of S A on the length L of subsystem A can be used to distinguish critical from non-critical systems: it remains finite as the length increases, except at criticality, where it diverges logarithmically with a universal coefficient. (1, 2) Of course, in this case, there are other measures of criticality, such as the power-law decay of correlation functions. In a gapped system, the leading term in the entanglement entropy is proportional to the surface area of the boundary. The coefficient is cutoff-dependent. However, in a 2+1-dimensional system in a gapped topological phase, the first subleading term is universal and independent of the size or shape of A: (3, 4) 
where L is the length of the boundary of region A (in two spacetime dimensions, the 'surface area' is a length). It is not immediately obvious that D in the above Eq.
(3) is uniquely defined since a is a cutoff-dependent coefficient. However, by dividing a system into three or more subsystems and forming an appropriate linear combination of the resulting entanglement entropies, the length term can be canceled, leaving only the universal term. (3, 4) Such a construction can be used to give a more precise definition of the topological entanglement entropy, but its essential meaning is captured by (3). The quantity D is the total quantum dimension of the topological phase, which we define in Sec. 2. This is potentially a very useful probe of a topological phase. In such a phase, all correlation functions are topologically-invariant at distances longer than some finite correlation length and energies lower than a corresponding energy scale. Hence, in order to identify such a state, one must examine the ground state degeneracy on higher-genus surfaces or the braiding properties of quasiparticle
